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a b s t r a c t

This paper presents buoyancy-induced flow for a sealed rotating cavity with rotational Rayleigh number
Ra in the range 107–109. DNS for an incompressible model with the Boussinesq approximation is com-
pared with LES for a compressible gas flow model. The compressible solver’s solutions show the shroud
Nusselt number Nu scales with Ra0:286, in close agreement with the corrected experimental correlation
and the Ra2=7 scaling for gravitational heat convection between horizontal plates, but differs from the
Nu / Ra1=3 scaling given by the incompressible solver. The shroud thermal boundary layer thickness,
based on the root mean square of the temperature fluctuation, can be estimated with k� ¼ 0:5Nu�1.
Velocities scale approximately with Xa

ffiffiffiffiffiffiffiffiffi
bDT

p
. Disc laminar Ekman layer behaviour is confirmed up to

Ra ¼ 109. An Ekman layer scrubbing effect, associated with the viscous energy dissipation, is considered
to be mainly responsible for the difference in Nu between the two solvers at Ra ¼ 109, in spite of rather
small Eckert number. The analysis of the turbulent kinetic energy budget shows a dominant constant
buoyancy production in the core. The use of the incompressible formulation for the considered problem
is restricted by the applicable range of the Boussinesq approximation characterised by the buoyancy
parameter bDT and neglect of viscous heating and compressibility effects characterised by the Eckert
number Ec ¼ X2r2m= CpDT

� �
.

� 2019 Elsevier Ltd. All rights reserved.
1. Introduction

The trend in modern jet engine design is towards higher by-
pass ratios and higher overall pressure ratios, resulting in smaller
engine cores and in turn proportionally larger rotor blade tip
clearance. Maintaining a tight blade tip clearance is essential for
efficient axial compressor operation, and this is dependent on the
radial thermal growth of the rotating discs, which is dominated
by buoyancy-induced flow in the centrifugal force field [1]. Most
engine disc cavities have an imposed central axial throughflow,
but sealed cavities are of direct interest in some cases and provide
a canonical test case. The idealised model of buoyancy-induced
flow in rotating compressor cavities features two rotating discs,
and is radially bounded with a heated shroud and cooled shaft
[2]. The heat transfer between the shroud and shaft is by natural
convection [3]. If an axial throughflow is introduced between the
disc central bore and the shaft, a toroidal vortex is formed at the
lower radius region of the cavity, in which heat transfer is by
forced convection, but the higher radius region of the cavity
remains to be dominated by natural convection [4]. In some config-
urations, a radial inflow through the shroud may help reduce the
thermal response time [5]. Sufficient radial inflow may suppress
the buoyancy effects, at the cost of increased use of cooling air
[6]. To optimise design and reduce reliance on engine testing,
understanding of the related predictive methods for buoyancy
effects is required. Previous work on the sealed cavities has left
several open questions. The flow is known to be self-organising
with a number of cyclonic and anti-cyclonic vortex pairs, but the
Nusselt number scaling with rotational Rayleigh number and
details of the flow physics are not fully understood.

As buoyancy-induced flow is highly unstable, unsteady, and
usually occurs in fairly closed cavities, the laboratory reproduction
and measurements of such flows are challenging. The highly
unsteady nature and long time scale of the flow also implies diffi-
culties in the numerical modelling of such flows. Recent research
[2] reports that the incompressible Navier-Stokes formulation with
the Boussinesq approximation, demanding significantly less com-
puting resources than fully compressible formulations, appears to
be capable of predicting buoyancy-induced flows in rotating
compressor cavities. However, this is not fully confirmed by
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Nomenclature

Greek symbols
Symbol Description, Experssiongs or values [Units]
a thermal diffusivity, a ¼ j

qCp
[m2�s�1]

b thermal expansion coefficient, b ¼ 1=Tm [K�1]
bDT buoyancy parameter, [–]
d disc kinetic boundary layer thickness based on the max-

imum vr;rms, [m]
DðÞmax maximum grid spacing, [mm]
d� normalised disc kinetic boundary layer thickness,

d� ¼ d=d [–]
dEk Ekman depth, dEk ¼ X=mð Þ�0:5 [m]
Dw near wall grid spacing, [mm]
DT temperature difference between shroud and shaft,

DT ¼ Tb � Ta [K]
j thermal conductivity, [W�m�1�K�1]
k shroud thermal boundary layer thickness based on the

maximum Trms, [m]
k� normalised shroud thermal boundary layer thickness,

k� ¼ k= b� að Þ [–]
l dynamic viscosity, [kg�m�1�s�1]
m kinematic viscosity, m ¼ l=q [m2�s�1]
X angular speed of rotor, [rad�s�1]
q density, [kg�m�3]
enum numerical dissipation, See Eq. (19) [kg�m�1�s�3]
eSGS subgrid scale dissipation, See Eq. (19) [kg�m�1�s�3]
etotal total dissipation, See Eq. (19) [kg�m�1�s�3]

Roman symbols
a shaft radius, a ¼ 0:125 [m]
b shroud radius, b ¼ 0:24 [m]
Cp specific heat capacity at constant pressure,

Cp ¼ 1004:15 [J�kg�1�K�1]
d axial distance between the two discs, d ¼ 0:12 [m]
Ec Eckert number, Ec ¼ X2r2m

CpDT
[–]

Nel number of elements in a meridional plane, [–]
Ntot total number of grid points, [–]
Nx;r;h number of grid points in the axial, radial and tangential

directions, [–]
Nu shroud Nusselt number. Ratio of convective heat flux to

conductive heat flux, Nu ¼ _Q conv=
_Q cond [–]

P polynomial order, or reduced pressure, [–/Pa]
Pr Prandtl number, Pr ¼ m

a ¼ 0:7 [–]
r radius, [m]
r� normalised radius, r� ¼ r= b� að Þ [–]
Ra Rayleigh number, Ra ¼ q2X2rmbDT b�að Þ3

l2 Pr [–]

Re/ rotational Reynolds number, Re/ ¼ qXrm b�að Þ
l [–]

T static temperature, [K]
T� normalised static temperature, T� ¼ T � Tað Þ=DT [–]
v�
h normalised azimuthal velocity, v�

h ¼ vh= Xrð Þ [–]
v�
r normalised radial velocity, v�

r ¼ v r= Xrð Þ [–]
x� normalised axial position, x� ¼ x=d [–]

Subscripts
a shaft
b shroud
cen centrifugal
Cor coriolis
core core value
m arithmetic mean of the values on the shroud and shaft
max maximum value
rms root mean square

Other symbols
�h i ensemble average
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comparison with available experimental data, as the uncertainties
in the measurements are unclear.

The present study considers a sealed rapidly rotating disc cavity
experiment as published by Bohn et al. [7]. This isolates the physics
of free convection and simplifies the problem. The solutions from
an incompressible code using the Boussinesq approximation and
a fully compressible gas solver are compared. The validity of use
of an incompressible formulation in predicting buoyancy-induced
flows in compressor rotor cavities is considered, and results are
analysed in detail.
Fig. 1. Schematic diagram of Aachen University’s configuration B [7].
2. Previous work

For a wider review of buoyancy-driven flows in rotating cavi-
ties, readers are referred to Ref. [1]. Since the time of the review,
some further relevant studies have emerged. These include exper-
imental study of buoyancy-induced flow in compressor rotating
cavities with axial throughflow [8,9], numerical study of buoyant
flows in a sealed rotating annulus [2,10,11] and theoretical mod-
elling of the buoyancy-driven heat transfer inside compressor
rotors [12]. Whilst an exhaustive discussion of previous work is
not intended here, it is useful to briefly introduce studies relevant
to the present work.

As far as the authors are aware, the only experiment of
buoyancy-induced flow in a sealed rapidly rotating annular cavity
was published by Bohn et al. [7,13]. In their work, three air-filled
closed annuli were investigated with adiabatic discs and heating
of the outer cylindrical walls. The same axial distance between
discs and inner cylindrical surface radius was considered in all
the configurations. Configuration A has greater radius at the outer
cylindrical surface than Configuration B. Configuration C has the
same geometry as configuration B, but radial plates are installed
circumferentially to form 8 identical partitions. Configuration B
has been the subject of recent research and will be further consid-
ered here. A schematic diagram of configuration B is given in Fig. 1.



1 The term ‘‘adiabatic” is used by Tang and Owen [12]
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In considering the test conditions, Bohn et al. [7] noted that the
rotational Reynolds number Re/ and the rotational Rayleigh num-
ber Ra were not varied independently. Rather, they were related as
in Eq. (1). Heat flux was exclusively measured at the outer cylindri-
cal surface and normalised as a Nusselt number Nu, which is
defined as the ratio of the measured convective heat flux to that
of the natural heat conduction (given in Eq. (2), where j is the
thermal conductivity). Nu was measured for a range of Ra between
107 and 1012, and a correlation between Ra and Nuwas obtained, as
given in Eq. (3).

Re/ ¼ 1:441Ra0:557 ð1Þ

Nu ¼
_Q

_Q cond

¼
_Q ln b=að Þ
2pdjDT

ð2Þ

Nu ¼ 0:317Ra0:211 ð3Þ
Various studies have compared computational fluid dynamics

(CFD) predictions with Bohn et al.’s measurements, with mixed
and inconclusive results. In 1998 Bohn and Gier [14] reported some
uncertainty as the discs were not perfectly adiabatic, and intro-
duced a correction to the above correlation for Ra P 109, as given
in Eq. (4).

Nucorr ¼ 0:0677Ra0:297 ð4Þ

Bohn et al. [7] also performed numerical studies on their exper-
imental rig using laminar flow equations. Their steady-state simu-
lation showed consistent results with the measurement, in terms
of the convective heat transfer described by Nusselt number in
Eq. (3). Inspired by Gan et al. [15], Bohn and Gier [14] implemented
a low-Reynolds-number k-e turbulence model in their code, and
predicted stronger heat transfer than the case without turbulence
models. It is, however, hard to evaluate if the enhanced heat trans-
fer is physical or due to the spurious effect of the turbulence mod-
elling, or if the trends identified are a consequence of limited mesh
resolution.

Sun et al. [3] simulated the same configuration with a time-
accurate compressible solver. They reported good agreement, in
terms of predicted heat transfer, with the original correlation pro-
vided by Bohn et al. [7] in Eq. (3). They also showed the existence
of instantaneous large scale flow structures.

Later, in 2005 King et al. [16] carried out 2D simulations on the
same configuration using an incompressible Navier-Stokes equa-
tion solver with the Boussinesq approximation. Their predicted
Nu differs from Bohn et al.’s correlation in a rotating annulus, but
is in good agreement with the Nu / Ra1=3 correlations in stationary
enclosures under gravity, e.g. by Hollands et al. [17] and Niemela
et al. [18]. With regards to the RB convection between horizontal
plates under gravity the Nu � Ra scaling exponent is not universal
and Nu is dependent on Ra; Pr and whether the viscous or thermal
effect dominates the boundary layer or the bulk of the flow [19].
For the range of Ra and Pr in the present study, a scaling exponent
2=7 is given by Grossmann & Lohse [19].

Comparing King et al.’s solutions with Sun et al.’s results, Owen
and Long [1] attributed the difference to the attenuating effect on
heat transfer from the disc boundary layer. Pitz et al. [2], who sim-
ulated the 3D geometry with an incompressible DNS (direct
numerical simulation) solver using the Boussinesq approximation,
also obtained results following Nu / Ra1=3.

Pitz et al. [11], who used the same code as in Ref. [2] but using
the large-eddy simulation (LES) mode reported, for the first time,
the shroud and disc boundary layer profiles. The disc kinetic
boundary layer, based on the position of the maximum root mean
square of the radial velocity, showed a scaling proportional to
X�0:517, similar to that expected for a laminar Ekman layer,
d / X�0:5. The instantaneous velocity profiles also behaved as lam-
inar Ekman layers. The thickness of the shroud thermal boundary
layer, based on the location of the maximum temperature fluctua-
tions, was found to scale with Ra�0:323, similar to that for Rayleigh-
Bénard (RB) convection.

Saini et al. [20] conducted DNS of Bohn et al.’s rig B for Ra

between 106 and 108, using a compressible solver. Some difference
with Pitz et al.’s results is reported: a small variation in core tem-
perature was found and the normalised core temperature was
reduced as Ra increased, in contrast to Pitz et al.’s results.

Pitz et al. [10] also investigated the onset of convection in the
same rotating cavity, using linear stability analysis of the incom-
pressible formulation. They observed convection initiating as
counter-rotating vortices evenly distributed in the circumferential
direction, similar to RB convection. Pitz et al. also showed the flow
was nearly homogeneous in the axial direction except for small
variations within the disc boundary layer, as is consistent with
the Taylor-Proudman theorem. The flow was found to drift relative
to the rotating frame of reference in the presence of the disc. No
drift was observed when the no-slip disc walls were replaced by
periodic boundary conditions.

From the review of previous work on the configuration B of
Bohn et al.’s rig, we note contrasting conclusions from different
researchers, in terms of the shroud heat transfer rate (Nusselt
number) and the temperature profile. Also, the Boussinesq approx-
imation, which is accepted in geophysics, has not been verified for
centrifugal buoyancy-induced gas flows, in which gravitational
acceleration is replaced by centripetal acceleration and a Coriolis
term emerges. Additionally, viscous heating effects, which are
neglected in the Boussinesq approximation framework, may be of
importance due to the high speeds involved in the rotating disc
cavity configuration.
3. Test cases considered

As mentioned above the experimental rig of Bohn et al. [7], con-
figuration B, is considered in this study. An illustration of the disc
cavity is given in Fig. 1. The geometry can be described by three
characteristic lengths: the radii of the shaft and shroud
(a ¼ 0:125 m and b ¼ 0:24 m), i.e. the inner and outer cylinder sur-
faces, and the axial distance between the two discs (d ¼ 0:12 m). In
the experiment the shroud was heated, whereas the shaft was
water-cooled, producing a temperature difference in the radial
direction. The two discs were designed to be adiabatic, but the
authors later corrected their correlation for non-adiabatic effects.
Nusselt numbers were measured for Rayleigh numbers ranging
between 107 and 1012. A matrix of the test cases considered in
the present study and related parameters is given in Table 1, fol-
lowing the correlation in Eq. (1). As Ra increases, the buoyancy
parameter bDT decreases and Re/ increases. The table also includes
the Eckert number Ec. Where Ec is not negligible gas density vari-
ations due to pressure (as well as those due to temperature) and/or
frictional energy diffusion become significant. As noted, for exam-
ple, by Kilfoil and Chew [21], and Tang and Owen [12] compress-
ibility leads to a temperature gradient in an isentropic1 rotating
core. From the values of Ec given it appears that frictional and com-
pressive effects may be small, but the results presented later indicate
otherwise.



Table 1
Test matrix and related parameters.

Ra bDT Re/ Ec

107 0:174 1:14� 104 3:82� 10�5

108 0:134 4:12� 104 6:60� 10�4

109 0:103 1:48� 105 1:13� 10�2
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4. Numerical methods

As one purpose of the present study is to explore the validity of
using an incompressible formulation with the Boussinesq approx-
imation for rotational buoyancy-induced flows, both incompress-
ible and compressible solvers are used. The features of both
solvers are briefly introduced in this section, and the detailed gov-
erning equations are given in Appendix A. The specific numerical
settings and boundary conditions of the simulations are also given
in this section.

4.1. Hydra

Hydra is an in-house flow solver, considering the fully com-
pressible form of the Navier-Stokes equations in a Cartesian coor-
dinate system, developed by Rolls-Royce plc and its university
partners. It uses a finite volume method, on node-vertex unstruc-
tured grids. The spatial discretisation is realised using monotone
upwind schemes for conservation laws (MUSCL) based on a modi-
fied Roe scheme. In the version used here, second-order accuracy is
achieved by a linear reconstruction of primitive flow variables as
described by Amirante and Hills [22]. Regarding the temporal
interpolation, an explicit 3-stage Runge-Kutta scheme is adopted.
Air is simulated in this study as a perfect gas, and the heat capacity
ratio c is fixed at 1.4. The dynamic viscosity is variable following
Sutherland’s law. The Prandtl number Pr and the specific heat
capacity at constant pressure Cp are fixed as 0.7 and 1004.15

J � kg�1 � K�1, respectively. The heat conductivity is calculated as

j ¼ lCp=Pr. The natural heat conduction _Q cond in Eq. (2) is esti-
mated with property values at the shaft temperature.

4.2. Semtex

Semtex is an open-source code, solving the incompressible
Navier-Stoke equations [23] in either Cartesian or cylindrical coor-
dinate systems. This code uses a spectral element-Fourier method,
combining the flexibility of geometry of the finite element method
and high-order accuracy of spectral methods. High-order Lagrange
polynomials are employed, in each parametrically mapped quadri-
lateral element within a 2D plane, to achieve spectral accuracy.
Fourier expansions are used along the third direction, which is
required to be homogeneous. A second-order, semi-implicit, stiffly
stable scheme introduced by Karniadakis et al. [24] is implemented
for time discretisation. Semtex parallelises only along the homoge-
neous direction, with a minimum constraint of 2 Fourier planes per
CPU core.

Unlike compressible solvers, where the density variations and
energy equation are directly included, the Boussinesq approxima-
tion and the temperature transport equation are implemented to
model buoyancy-induced flows. Equations are detailed in Appen-
dix A.2.

4.3. Boussinesq approximation

The Boussinesq approximation was proposed by and named
after Joseph Valentin Boussinesq [25], to consider the buoyancy-
driven flow under gravity in geophysics using the incompressible
Navier-Stokes equations. The approximation is only applied to
the terms multiplied by the gravitational acceleration in the
momentum equation. Density is assumed to vary linearly with
temperature within limits of the approximation, which is typically
assumed valid for bDTK0:2. In the present study this approxima-
tion is applied to the centrifugal term. More details can be found
in Appendix A.2.
4.4. Numerical settings and boundary conditions

The Hydra calculations are performed in LES mode, using the
standard Smagorinsky model (Cs ¼ 0:08) and the van Driest damp-
ing function. For Semtex simulations a DNS approach is used.

With both solvers, flow is simulated in the rotating frame of ref-
erence. The discs are set as no-slip adiabatic walls, whilst the shaft
and shroud surfaces are defined as no-slip isothermal walls with
fixed temperatures. The shaft was cooled by water in the experi-
ment. Therefore, a fixed shaft temperature Ta ¼ 288 K is applied
to the CFD. The thermal expansion ratio b is defined as the inverse
of the arithmetic mean of the shroud and shaft temperatures, i.e.
b ¼ 2= Ta þ Tbð Þ. With these relations the shroud temperature Tb

can be calculated following bDT in Table 1. The shaft and shroud
temperatures, in Hydra simulations, are 288 K and Tb, respectively.
In Semtex the reference temperature is defined on the shaft, and
the shroud temperature is DT higher. The absolute value of the ref-
erence temperature is not important in the incompressible formu-
lation, as it vanishes in the derivatives of the temperature
transport equation.

Whilst grid convergence studies have been conducted for all the
configurations presented in this paper, only those at Ra ¼ 109 are
presented here. The grids used and some key results are given in
Tables 2 and 3 for Hydra and Semtex, respectively. The near-wall
grid spacing Dw is the same on all walls, and represents the mini-
mum grid spacing in all cases. The tables also give the maximum
mesh spacing and numbers of grid points or elements, as appropri-
ate. The convergence of grid resolution is evaluated through the
shroud Nusselt number Nu and the mean core temperature T�

core.
As the Hydra mesh is refined convergent behaviour is observed.
Although some grid resolution dependency is still seen on the fine
mesh, the fact that the changes of Nu and T�

core frommedium to fine
meshes are much smaller suggests reasonably converged results
are being obtained at affordable computing costs. The grid resolu-
tion dependency is significantly smaller than the difference in
shroud Nu between the two codes. The ratio of the subgrid scale
(SGS) dissipation and numerical dissipation to the total dissipation
is plotted against the radius in Fig. 2 at the mid-axial position for
the fine grid solution. This plot indicates that the SGS and numer-
ical dissipation are active and simulate an appropriate amount of
the total dissipation, as is required for LES [26].

With Semtex, a DNS study is performed with much finer grids.
The number of elements is fixed as 484. The mesh improvement is
achieved by increasing the polynomial order in the meridional
plane and the number of Fourier planes in the circumferential
direction. Some non-monotonic change in Nu with grid was first
observed for the first three mesh levels at Ra ¼ 109, and was also
observed in Ref. [2]. The additional finer mesh level confirms the
non-monotonic behaviour and convergence with grid resolution.
Detailed comparison (not presented for brevity) between the fine
and finer mesh results shows no noticeable difference, and the fine
mesh results are presented in this paper. The errors of the overall
heat balance between the cylindrical surfaces at Ra ¼ 109 are
1:7% and 3:8% for Hydra and Semtex, respectively. The energy gen-
eration due to the mean angular momentum error is less than 0:5%
of the error of the overall heat balance. The final mesh resolutions
are given in Table 4 for both Hydra and Semtex simulations.



Table 2
Convergence of grid resolution for Ra ¼ 109, with Hydra. Dw: near-wall grid spacing. Nx;r;h: number of grid points in the axial, radial and tangential directions. Ntot: total number of
grid points. DðÞmax: maximum grid spacing. Nu: shroud Nusselt number. T�

core: mean core temperature. M: million.

Grid Dw [mm] Nx Nr Nh Ntot Dxmax [mm] Drmax [mm] D rhð Þmax [mm] Nu T�
core

Coarse 0.4 51 51 200 � 0:5M 4.19 3.91 7.54 34.7 0.640
Medium 0.1 71 71 400 � 2:0M 3.94 3.62 3.77 39.0 0.652
Fine 0.05 85 85 600 � 4:3M 3.16 2.97 2.51 40.3 0.654

Table 3
Convergence of grid resolution for Ra ¼ 109, with Semtex. Dw: near-wall grid spacing. Nel: number of elements in a meridional plane. P: polynomial order. Nh: number of grid
points in the tangential direction. Ntot: total number of grid points. DðÞmax: maximum grid spacing. Nu: shroud Nusselt number. T�

core: mean core temperature. M: million.

Grid Dw [mm] Nel P Nh Ntot Dxmax [mm] Drmax [mm] D rhð Þmax [mm] Nu T�
core

Coarse 0.14 484 5 128 � 1:5M 2.98 2.60 11.8 56.5 0.646
Medium 0.06 484 8 256 � 7:9M 1.90 1.65 5.89 49.9 0.645
Fine 0.04 484 10 512 � 24:8M 1.55 1.35 2.95 51.5 0.650
Finer 0.02 484 13 640 � 52:3M 1.22 1.06 2.36 51.0 0.643

Fig. 2. Ratio of the SGS dissipation and numerical dissipation to the total
dissipation at mid-axial position obtained with Hydra for Ra ¼ 109. Results are
averaged in time and in the circumferential direction. A simple smoothing function
is applied to remove some grid-to-grid oscillation. r� ¼ r � að Þ= b� að Þ.
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5. Results and discussions

Instantaneous radial and tangential velocity, and temperature
contours obtained with Hydra are plotted in Fig. 3. The tempera-
ture contour from Semtex is also shown in the figure. The contours
show normalised values of the properties illustrated. Alternating
radially inward and outward flow is observed in the radial velocity
contour in subplot (a). Along with the tangential flow patterns in
subplot (b) these indicate four cyclonic and anti-cyclonic vortex
pairs in the annulus. The radial velocities indicate radial jets at
the same positions as the hot and cold arms in subplot (c). Similar
temperature contours are given by Hydra and Semtex in subplots
(c) and (d), and these are in broad agreement with previous stud-
Table 4
Fine mesh resolutions. Dw: near-wall grid spacing. Nx;r;h , number of nodes in the axial, radia
a meridional plane; P, polynomial order; M, million.

Hydra (LES)

Ra Dw [mm] Nx Nr Nh Ntot

107 0.2 61 61 200 �0.7M

108 0.1 75 75 600 �3.4M

109 0.05 85 85 600 �4.3M
ies, both for compressible [3,20] and incompressible [11,16] mod-
els. Though not shown in the figure, velocity contours obtained
with Semtex are in good agreement with those shown in Fig. 3
(a) and (b).
5.1. Nusselt number

Fig. 4 shows the predicted shroud Nusselt numbers from Hydra
and Semtex, which are also listed in Table 5. The percentage differ-
ences in Nu between the two codes are given on the graph. Also
plotted on the graph are Bohn and co-workers’ original [7] and cor-
rected [14] (for Ra P 109) correlations for the rig considered in the
present study. Although the correction was not intended for use at
the lower Rayleigh number, it is included to give an indication of
the possible experimental uncertainty. The two correlations of
Bohn et al.’s rig cross near Ra ¼ 108. The Hydra and Semtex solu-
tions show closer agreement with the original correlation at
Ra ¼ 107 but match better with the corrected correlation at
Ra ¼ 109, consistent with the interpretation of the experimental
data [7,14]. In correlating the Hydra solutions a scaling of
Nu / Ra0:286 is obtained, showing close agreement with the scaling
in the corrected correlation provided in Eq. (4) by Bohn and Gier
[14] and the Ra2=7 scaling for RB convection [19] for the Ra and
Pr range investigated in the present study. The Nu predicted by
Semtex follows a Ra0:329 scaling, in agreement with Pitz et al. [2]
and Hollands et al.’s correlation for natural convection under grav-
ity [17] (giving Nu / Ra1=3 at high Ra values). Good agreement
between the two solvers is observed at the low Ra value. As Ra is
increased the difference between the two solvers rises to 21:8%.
Note that increasing Ra as in the experiment reduces bDT , which
might be expected to be favourable for the Boussinesq approxima-
tion. This implies that there are other mechanisms driving the dif-
ference, as will be discussed later. Note also that uncertainty in the
experiment might contribute to the discrepancy with the experi-
mental correlation.
l and azimuthal direction; Ntot , total number of grid points; Nel , number of elements in

Semtex (DNS)

Dw [mm] Nel P Nh Ntot

0.077 484 7 384 �9.1M

0.077 484 7 384 �9.1M

0.04 484 10 512 �24.8M



Fig. 3. Instantaneous flow field at Ra ¼ 109. Plots are extracted at the mid-axial position between the discs. Rotation is anti-clockwise. v�
r ¼ v r= Xrð Þ. v�

h ¼ vh= Xrð Þ.
T� ¼ T � Tað Þ= Tb � Tað Þ.

Fig. 4. Shroud Nu versus Ra, for Bohn et al.’s rig condition. The percentages shown
correspond to differences between the Hydra and Semtex solutions.

Table 5
Shroud Nusselt number Nu. Comparison between Hydra and Semtex.

Ra ¼ 107 Ra ¼ 108 Ra ¼ 109

Hydra 10.89 20.74 40.26
Semtex 11.27 24.19 51.51

Fig. 5. Thermal boundary layers for different Ra, obtained from Semtex. Left: mean
non-dimensional temperature profiles. Right: root mean square of the non-
dimensional temperature fluctuation. Data are averaged in time, in the azimuthal
direction and between x� ¼ 0:25 and 0:75.

Fig. 6. Thermal boundary layers for different Ra, obtained with Hydra. Left: mean
non-dimensional temperature profiles. Right: root mean square of the non-
dimensional temperature fluctuation. Data are averaged in time, in the azimuthal
direction and between x� ¼ 0:25 and 0.75.
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5.2. Shroud and shaft boundary layers

The thermal and kinetic boundary layer parameters discussed
here are mean results, averaged in time and the azimuthal direc-
tion. According to the Taylor-Proudman theorem and also con-
firmed by Pitz et al. [10], negligible axial variation is found away
from disc boundary layers. Therefore, the mean profiles are also
averaged axially between x� ¼ x=d ¼ 0:25 and 0:75.

Profiles of the mean temperature and the temperature fluctua-
tion root mean square are plotted in Fig. 5 for Semtex solutions and
in Fig. 6 for Hydra results. Uniform core temperatures are observed
in both Semtex and Hydra solutions, for the values of Ra consid-
ered. Fig. 5 shows Semtex core temperatures slightly decrease with
the increase of Ra, opposite to Pitz et al.’s results [11] using the
same solver but with implicit LES and coarser meshes. This indi-
cates some uncertainty regarding the use of the spectral vanishing
viscosity. The profile of T�
rms shows decreasing values in the core

and thinning thermal boundary layers as Ra increases, as is consis-
tent with Pitz et al.’s results [11]. The core temperature is almost
invariant in Hydra solutions, for the range of Ra simulated. Similar
profiles of T�

rms to Semtex are obtained with Hydra. The profiles of

the two solvers are compared in Fig. 7 for Ra ¼ 109, showing good
agreement. Note, however, that the difference in shroud Nu
between the compressible and Boussinesq models reaches its max-
imum value at this Ra. Zoomed views at the shroud are also pro-
vided as insets in Fig. 7. Slight differences can be observed. The
predicted Nu depends on the gradient of mean temperature on
the shroud, which shows small differences accounting for much
of the 21:8% difference in Nu. The increased thermal conductivity



Fig. 7. Thermal boundary layer at Ra ¼ 109, comparison between Hydra and
Semtex. Left: mean non-dimensional temperature profiles. Right: root mean square
of the non-dimensional temperature fluctuation. Data are averaged in time, in the
azimuthal direction and between x� ¼ 0:25 and 0.75. Insets show zoomed view at
shroud.

Fig. 9. Profiles of radial velocity fluctuations’ root mean square, obtained with
Hydra. Left: normalised with the tangential speed on the shaft. Right, further
normalised with

ffiffiffiffiffiffiffiffiffi
bDT

p
. Data are averaged in time, in the azimuthal direction and

between x� ¼ 0:25 and 0.75.
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of the air at the heated shroud in Hydra also contributes to the dif-
ference in Nu predictions. For T�

rms differences between Hydra and
Semtex at the shroud are seen in the zoomed inset. The shroud
thermal boundary layer is thicker in Hydra’s compressible flow
solution.

A shroud thermal boundary layer thickness k is determined by
the position of peak Trms. The thermal boundary layer profiles nor-
malised by Trms;max and k, and obtained with Hydra, are plotted in
the left subplot of Fig. 8 for the three Ra values considered. A good
match between the three profiles is observed. A similar match is
also achieved with Semtex, in agreement with Pitz et al.’s observa-
tion. The normalised shroud thermal boundary layer thickness k�

(¼ k= b� að Þ) based on T�
rms, from both Hydra and Semtex, is plotted

against Ra, in the right subplot of Fig. 8. Closest agreement
between the two solvers is seen at Ra ¼ 107, and the difference
develops progressively as Ra is increased. This is consistent with
the scaling observed for Nu. As introduced by Grossmann & Lohse
[19] the non-dimensional thermal boundary layer thickness in RB
convection can be estimated as k� ¼ 0:5Nu�1. These are plotted in
the right subplot of Fig. 8, and show remarkably good agreement
with the corresponding data. Note that the determination of the
position of peak Trms relies on the mesh resolution in Hydra, which
introduces relatively larger uncertainty at Ra ¼ 107 due to thicker
thermal boundary layer and mesh expansion away from the wall.

The root mean square of radial and azimuthal velocity fluctua-
tions is presented here to illustrate the shaft and shroud kinetic
boundary layer. The profiles of v r;rms normalised with the tangen-
tial speed on the shaft are shown on the left subplot in Fig. 9. Max-
imum values are seen at the mid-radius, and decrease as Ra is
increased. Considering the buoyancy force as the driving force
Fig. 8. Normalised shroud thermal boundary layer from Hydra’s solution (left), and
shroud boundary layer thickness k� versus Ra (right) based on T�

rms. k
� ¼ k= b� að Þ.

Data are averaged in time, in the azimuthal direction and between x� ¼ 0:25 and
0.75.
and further normalising these profiles with
ffiffiffiffiffiffiffiffiffi
bDT

p
, a better match

is achieved between results at different values of Ra. Applying the
same normalisation to the azimuthal velocity fluctuation, a similar
trend can be observed, as shown in Fig. 10. Note that peaks are
located near the shroud and shaft, and the kinetic boundary layer
thickness thins with increase of Ra, as is consistent with the ther-
mal boundary layer. The plots in Figs. 9 and 10 suggest that veloc-
ity scales roughly with Xa

ffiffiffiffiffiffiffiffiffi
bDT

p
. The results from Semtex are not

presented here but give the same conclusion. Velocity profiles from
Hydra and Semtex, for Ra ¼ 109, are compared in Fig. 11. Qualita-
tive agreement is observed, but Semtex shows somewhat higher
values.
5.3. Disc kinetic boundary layers

5.3.1. Averaged velocity profiles
Mean radial velocity profiles and the corresponding root mean

squares of fluctuations are obtained by averaging in time and the
azimuthal direction. These profiles at Ra ¼ 109 are plotted in
Fig. 12. Also shown on the subplots is the thickness for a laminar

Ekman layer p=dð Þ X=mð Þ�0:5, which scales with the Ekman depth

X=mð Þ�0:5.
The mean radial velocity and its fluctuation profiles are plotted

in Fig. 12. It is clear that the disc kinetic boundary layer thickness
corresponds well to that for the Ekman layer. Comparing the mean
radial velocity profiles between Hydra and Semtex, reasonably
good agreement is observed. The near-disc mean radial velocity
profiles at low radii show a positive peak, this peak reduces with
increasing radius and eventually turns negative. The mean radial
velocity outside the disc kinetic boundary layer is close to zero.
The radial velocity fluctuations are significantly larger than the
Fig. 10. Profiles of azimuthal velocity fluctuations’ root mean square, obtained with
Hydra. Left: normalised with the tangential speed on the shaft. Right, further
normalised with

ffiffiffiffiffiffiffiffiffi
bDT

p
. Data are averaged in time, in the azimuthal direction and

between x� ¼ 0:25 and 0.75.



Fig. 11. Comparison of radial (left) and azimuthal (right) velocity fluctuation
profiles between Hydra and Semtex at Ra ¼ 109. Data are averaged in time, in the
azimuthal direction and between x� ¼ 0:25 and 0.75.
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mean velocity. Results from Semtex and Hydra are in good agree-
ment apart from the higher level of fluctuations given by Semtex.
Similar good agreement is obtained for the tangential velocity
component in Fig. 13. However, the difference in v�

h

� �
between
Fig. 12. Disc kinetic boundary layer profiles for Ra ¼ 109. Hydra results: solid lines. Semte
p=dð Þ X=mð Þ�0:5.

Fig. 13. Disc kinetic boundary layer profiles for Ra ¼ 109. Hydra results: solid lines. Semte
p=dð Þ X=mð Þ�0:5.
the two solvers is more pronounced at r� ¼ 0:9. High peak and
far-field mean tangential velocity values are obtained with Hydra.
This difference is associated with differences in mean Coriolis force
as will be discussed later in Section 5.4.

The difference in velocity fluctuations between the two solvers
exists for all the Ra values investigated in this paper, but is less
marked at lower Ra. The higher heat transfer in Semtex at
Ra ¼ 108 and 109 may contribute to this difference by generating
stronger convective plumes. Comparing velocity fluctuations on
the different meshes suggests greater sensitivity in Semtex than
in Hydra, e.g. the Semtex results show some non-monotonic beha-
viour (as given in Table 3 for the Nusselt number). Thus it is postu-
lated that the different solution schemes may also contribute to
these differences.

The scaling of disc kinetic boundary layer thickness is evaluated
with the radial velocity fluctuations at r� ¼ 0:5. As for the shroud
thermal boundary layer, the value and position of peak v r;rms is
used to correlate the disc kinetic boundary layer thickness. A good
match of the boundary layer at different Ra values is shown in the
left subplot of Fig. 14 which gives Hydra solutions. The normalised
disc boundary layer thicknesses are plotted against Re/ in the right
x results: dashed lines. Dotted lines indicate the thickness of a laminar Ekman layer,

x results: dashed lines. Dotted lines indicate the thickness of a laminar Ekman layer,



Fig. 14. Normalised disc kinetic boundary layer from Hydra’s solution (left), and
scaling of disc kinetic boundary layer thickness (right) based on v�

r;rms. Profiles are
extracted at r� ¼ 0:5. d� ¼ d=d. The dotted line on the right plot corresponds to the
laminar Ekman layer thickness, p=dð Þ X=mð Þ�0:5.
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subplot. Reasonably good agreement is observed with the laminar

Ekman layer thickness p=dð Þ X=mð Þ�0:5. Note, again, that the deter-
mination of the peak location in Hydra solutions relies on the mesh
resolution, which gives relatively larger uncertainty for Ra ¼ 107

due to a thicker boundary layer and expanding mesh.

5.3.2. Instantaneous velocity profiles
Statistically the mean radial velocity outside the disc kinetic

boundary layer approaches zero, but instantaneously the core
has non-zero and non-uniform radial and tangential velocities
due to the presence of the counter-rotating cells induced by the
buoyancy effect. Pitz et al. [11] presented the laminar Ekman ana-
lytical solution for non-zero far-field radial and tangential veloci-
ties (as in Eqs. (5) and (6)). They showed, using LES results from
the Semtex solver, that the disc boundary layer behaves as a lam-
inar Ekman layer with appropriately selected far-field radial and
tangential velocity components.

v r;Ek ¼ v r;core 1� e�x=dEk cos
x
dEk

� �
� vh;coree�x=dEk sin

x
dEk

ð5Þ

vh;Ek ¼ vh;core 1� e�x=dEk cos
x
dEk

� �
þ v r;coree�x=dEk sin

x
dEk

ð6Þ
Fig. 15. Instantaneous radial and tangential velocity profiles for Ra ¼ 109, comparison
(presented by Pitz et al. [11]). Core velocities, for Eqs. (5) and (6), are characterised wit
Here the Ekman layer solution is compared to Hydra’s instanta-
neous flow field at Ra ¼ 109, using far-field velocities obtained
from their averaged values from the Hydra solution between
x� ¼ 0:02 and 0:03. The radial and tangential velocity from Hydra
and the Ekman layer profiles are plotted together in Fig. 15. The
circumferential locations are selected arbitrarily, to show negative
and positive radial velocity with high and low values, as well as a
near zero radial velocity profile. A simple smoothing function is
applied to remove grid-to-grid oscillation of the profiles. Good
agreement is achieved between the solutions plotted. This con-
firms the laminar-Ekman-layer behaviour of the instantaneous disc
kinetic boundary layer stands. As stated by Pitz et al. [11] the lam-
inar Ekman layer solution neglects non-linear inertial effects, thus
the good agreement indicates much faster response time of the
disc boundary layer than the time scale for changes in the far-
field velocity.

5.4. Centrifugal and Coriolis forces

Owen and Long [1] emphasised the role of the Coriolis force in
rotating buoyant flows as important in developing cyclonic and
anti-cyclonic circulations for transporting heat between the cylin-
drical surfaces. This force does not appear in natural heat convec-
tion between horizontal plates under gravity. As a restoring force
the Coriolis force, induced by the relative azimuthal motions of
the flow, may act to reduce the radial heat transport induced by
the centrifugal buoyancy.

The expression for normalised and averaged centrifugal buoy-
ancy and radial Coriolis force terms from the momentum equation
are given in Eqs. (7) and (8) for Hydra and Semtex, respectively.
With the Boussinesq approximation, density variation is only con-
sidered in the centrifugal force term.

f cen ¼ hqi � hqcoreið ÞX2r= hqcoreiX2a
	 


;

f Cor ¼ 2hqvhiX= hqcoreiX2a
	 


ð7Þ

f cen ¼ �b hTi � hTcoreið ÞX2r= X2a
	 


; f Cor ¼ 2hvhiX= X2a
	 


ð8Þ
between Hydra (solid curves) and laminar Ekman layer (dashed curves) solutions
h the averaged values between x� ¼ 0:02 and 0.03.



Fig. 16. Normalised force terms in the radial momentum equation. Left: comparison between Hydra and Semtex at Ra ¼ 109; right: Hydra solutions for Ra between 107 and
109. Profiles are averaged in time, the azimuthal direction and between x� ¼ 0:25 and 0.75.
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Plots of f cen and f Cor are shown in the left subplot of Fig. 16 for
Ra ¼ 109. The graph gives a comparison of the forces from Hydra
and Semtex. The profiles are averaged in time, the azimuthal direc-
tion and between x� ¼ 0:25 and 0:75. The centrifugal buoyancy
force shows steep gradients across the thermal boundary layers
and a negligible core value, reflecting the uniform core tempera-
ture. There is a small but noticeable difference between the Hydra
and Semtex results near the shroud. The averaged Coriolis force
acts in the radially outward direction near the shroud and radially
inwards near the shaft, and is clearly significant compared to the
centrifugal buoyancy force. Differences between Hydra and Semtex
are also significant. By definition the mean Coriolis force is directly
associated with the mean tangential velocity, indicating that the
difference in Coriolis force near the shroud may come from the
mean tangential velocity. The mean tangential velocity at
r� ¼ 0:96 is plotted in Fig. 17 with both Hydra and Semtex solu-
tions. Note that the left part of the figure is zoomed to show the
disc boundary layer. Significant difference in v�

h

� �
is shown near

the shroud, and extends across the core which is almost invariant,
in agreement with the Taylor-Proudman theorem. There might
also be an effect of the disc boundary layer to the core.

The averaged centrifugal and Coriolis forces at different Ra val-
ues are plotted in the right-hand side subplot of Fig. 16, using
Hydra solutions. A decrease in normalised centrifugal force within
the thermal boundary layer is observed as Ra increases, due to the
reduction of bDT. The Coriolis force becomes more important with
the increase of Ra. This might be expected from Eqs. (7) and (8),
Fig. 17. Mean tangential velocity profiles at r� ¼ 0:96 for Ra ¼ 109, obtained with
Hydra and Semtex. Profiles are averaged in time and the azimuthal direction.
Dotted lines indicate the thickness of a laminar Ekman layer, p=dð Þ X=mð Þ�0:5. The left
part of the figure is zoomed to show the disc boundary layer.
and the observed scaling of velocity with Xa
ffiffiffiffiffiffiffiffiffi
bDT

p
. The increas-

ingly important Coriolis force could increase the difference of
shroud Nu in centrifugal buoyant flow from that found in natural
heat transfer between horizontal plates under gravity.
5.5. Ekman layer scrubbing

In order to investigate further the reason for different shroud Nu

predictions with the two solvers at Ra ¼ 109, the mean normalised
temperature profile along the horizontal axis is plotted in Fig. 18.
This figure plots the temperature profiles from within the shaft
boundary layer at r� ¼ 0:0005 to within the shroud boundary layer
r� ¼ 0:9995. The insets in subplots, at r� ¼ 0:1 and 0:96, show
zoomed views near the disc, confirming the adiabatic boundary
condition. Note that in these subplots the vertical axes are different
but have the same scale. In the shaft and shroud boundary layers
the two solvers show nearly constant temperatures except near
the disc wall. Compared with Semtex results, Hydra solutions are
closer to the temperature on the cylindrical boundaries, reflecting
the difference of Nu. Moving radially outboard from the shaft,
higher near disc temperatures are observed in the Hydra results.
In contrast, the temperatures from Semtex are almost uniform
apart from very close to the disc. As similar radial velocity profiles
are obtained with both solvers as shown in Fig. 12, it is unlikely
this different is caused by advection. An explanation for the near
disc high temperature in Hydra, despite the small Eckert number
(� 1%), is viscous energy dissipation. As shown in Figs. 12 and
13 the mean velocities are very small. In the absence of the mean
convection, viscous dissipation of the kinetic energy in the fluctu-
ating boundary layers leads to an accumulation of internal energy.
The greater strength of the velocity fluctuations, compared to the
mean velocity, and the thin shear layer induced by the Coriolis
force contribute to this effect. This kinetic energy generated by
buoyancy is converted to internal energy by the ‘‘Ekman layer
scrubbing”.

A crossover in temperature level between the two solvers is
seen at r� ¼ 0:96, where Hydra’s core temperature is lower than
Semtex’s. This might be associated with the radial Coriolis force
caused by circumferential velocity as shown in Fig. 17. The higher
Coriolis force in Hydra prevents the hot fluid from moving radially
inboard, leading to a lower core temperature.

The Hydra solution at Ra ¼ 108 is also plotted in the figure.
Comparing the Hydra results between Ra ¼ 108 and 109, the
Ekman layer scrubbing effect is weaker at low Eckert number
(Ra ¼ 108).



Fig. 18. Normalised mean temperature profiles along the axial direction, at different radii. Hydra results at Ra ¼ 109: solid lines. Semtex results at Ra ¼ 109: dashed lines.
Hydra results at Ra ¼ 108: dotted lines. Insets in subplots at r� ¼ 0:1 and 0:96 show zoomed views near the disc. Data are averaged in time and the circumferential direction.
Note that the vertical axis scales are different but have the same scale.
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The significance of the discs is reinforced by comparison with
pseudo-2D test cases where the discs are replaced with periodic
boundary conditions. The Ekman layer scrubbing and other disc
effects are eliminated, and the difference in shroud Nu between
the two solvers reduces to within 10% for Ra ¼ 109 [27].
5.6. Turbulent kinetic energy budget

In turbulent flows, the turbulent kinetic energy budget can
show how the turbulent kinetic energy (TKE) is generated, trans-
ported and dissipated. In a typical turbulent boundary layer TKE
is generated away from the wall, transferred towards the wall
through transport terms and eventually dissipated close to the
wall. The TKE budget has been studied in RB convection between
horizontal plates under gravity, with and without rotation about
the vertical axis [28,29]. Different mechanisms from the typical
Fig. 19. Turbulent kinetic energy budget for Ra ¼ 109 (left) and comparison between Ra
azimuthal direction.
turbulent boundary layer are observed. It is also of interest to know
the TKE budget balance behaviour in the present purely centrifugal
buoyancy-induced flows. The TKE budget equation for centrifugal
buoyant flows is given in Appendix B, in which only a buoyancy
production term emerges in addition to the standard TKE budget
equation. According to Pitz et al. [10] the flow state enters turbu-
lent regimes for Ra above 108. Note, however, that the axial varia-
tion of the flow is restricted by the Taylor-Proudman theorem,
indicating two-component turbulence in the core. The �5/3 slope
of velocity spectrum expected for turbulent flows was also
observed numerically by Sun et al. [3] for their studies at
Ra ¼ 109 on the same configuration.

The TKE budget for the test case at Ra ¼ 109, obtained with
Hydra, is illustrated in the left subplot of Fig. 19, in which the
transport term is a combination of other terms not plotted on
the graph. Note that the averaging is realised in time and the azi-
¼ 108 and 109 (right), at the mid-axial position. Data are averaged in time and the
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muthal direction. A pronounced buoyancy term is seen in the core
dominating the production of the TKE. It is also noted that the
buoyancy production is constant in the core. Production due to
flow shear is smaller and negative values are shown within the
shroud and shaft boundary layers. Typical effects of near wall dis-
sipation are observed. However, in the core the dissipation does
not vanish. A similar phenomenon is reported by Kunnen et al.
[29], where the dissipation predominately balances the buoyancy
production. Transport of turbulence is an important effect here,
and is more significant than in Kunnen et al.’s results. In Kunnen
et al.’s configuration the gravitational acceleration is significantly
smaller than the centripetal acceleration. This large buoyancy pro-
duction in the present case is balanced by the terms containing the
reduced pressure in which the constant part of the centrifugal
buoyancy term is absorbed.

A comparison of the production and buoyancy terms between
Ra ¼ 108 and 109 is shown in the right-hand side subplot of
Fig. 19, at the shroud. As Ra is increased the buoyancy production
term reduces, due to the decrease of bDT following the operating
condition of Bohn et al. [7]. The production due to flow shear is
negligible in the bulk, and the negative production is greater at
higher Ra value.

6. Further discussion

Two widely recognised simplifications are employed in the use
of an incompressible solver to investigate buoyancy-induced flows.
The first one is the Boussinesq approximation which uses the
buoyancy parameter bDT to account for the effect of density vari-
ation on the buoyancy generating term, i.e. the centrifugal buoy-
ancy term. The limit of using this approximation is believed to be
bDTK0:2 for heat transfer between horizontal plates under gravity.
In the test cases presented in the present study the maximum bDT

is considered up to 0.174 (Ra ¼ 107), and only 3:2% difference in
Nu is found between the two solvers.

The second simplification is to use the temperature transport
equation as the energy equation. This requires the Eckert number
to be sufficiently small to neglect the effects of pressure change,
the kinetic energy, the viscous term and the body forces. For the
conditions considered in this work the maximum Ec is 0:013,
which is far smaller than those generally seen in real engines.
Despite this, the viscous effects near the discs associated with fluc-
tuating Ekman layers is non-negligible at Ra ¼ 109.

Regarding the computational demand, for example at Ra ¼ 109,
Hydra has consumed � 300 hours wall time with 2400 CPU cores
(E5-2697 v2), while Semtex took � 96 hours with 256 CPU cores
(E5-2660 v4). Assuming Moore’s law holds, full compressible LES
is still far from possible to be used for engine design.

7. Concluding remarks

The buoyancy-induced flow in a simple sealed rotating cavity
has been investigated. DNS results from an incompressible
Navier-Stokes equation solver, Semtex, based on the Boussinseq
approximation are compared with LES from a fully compressible
gas flow code Hydra. Reasonably good agreement between the
two solvers is achieved for the operating conditions considered

(Ra 2 107;109
h i

). The main conclusions of the present study are:

� While there is much general agreement between the two mod-
els, significant difference in overall heat transfer prediction has
been found. With the Hydra solutions good agreement with the
original experimental correlation is achieved for Ra ¼ 107 but
the difference increases to around 20% at Ra ¼ 109 where a cor-
rected experimental correlation is used. Experimental uncer-
tainty may contribute to this difference. Semtex predictions
with the Boussinesq approximation show good agreement with
Hydra at Ra ¼ 107 but diverge from the Hydra results and
experimental correlations as Ra increases.

� Hydra predictions of shroud Nu show a scaling of Nu / Ra0:286,
in close agreement with the corrected experimental correlation
provided by Bohn and Gier [14] and the Ra2=7 scaling in RB con-
vection for the Ra and Pr range in the present work [19]. Semtex
presents a scaling of Nu / Ra1=3, consistent with the Nu scaling
for heat transfer between horizontal plates under gravity at
high Ra number provided by Hollands et al. [17].

� A mesh resolution issue on the averaged core temperature is
found with Semtex in comparison with the results of Pitz
et al. [11]. The DNS results presented in the present study show
normalised mean core temperature decreasing slightly with the
increase of Ra, whereas Pitz et al.’s LES results showed the oppo-
site trend. Interestingly, in Hydra solutions the normalised
mean core temperature stays the same regardless of Ra values
for the conditions considered.

� Agreeing with RB convection [19], the shroud thermal boundary
layer thickness can be estimated with k� ¼ 0:5Nu�1 in both sol-
vers. The velocity Xa

ffiffiffiffiffiffiffiffiffi
bDT

p
appears to provide a useful scaling

to correlate the shroud kinetic boundary layer between differ-
ent Rayleigh numbers.

� The solutions from Hydra confirm both the mean and instanta-
neous laminar Ekman layer behaviour within the disc kinetic
boundary layer reported by Pitz et al. [11] with Semtex. This
is also valid for Ra ¼ 109.

� Viscous dissipation of kinetic energy associated with the Ekman
layer scrubbing is considered mainly responsible for the differ-
ence in mean shroud heat transfer between the two solvers.

� The turbulent kinetic energy budget is dominated by a constant
buoyancy production term in the core.

� The maximum bDT considered in this study is 0.174 (Ra ¼ 107)
at which condition the best agreement of shroud Nu is achieved,
suggesting that the use of the Boussinesq approximation at this
level of bDT is appropriate for centrifugal buoyant flows. How-
ever, by analogy with gravitational buoyancy, loss of accuracy of
the Boussinesq approximation is expected for bDT > 0:2 and
further attention to the Eckert number effects is needed in con-
sidering applications at engine conditions.
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Appendix A. Governing equations

Both the flow solvers – Hydra and Semtex – used in this study
solve the Navier-Stokes equations. Hydra considers the fully com-
pressible form for gas flow, whereas Semtex employs the incom-
pressible form. This section compares the two equation forms
aiming to reveal their differences, both in terms of the Boussinesq
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approximation, used to account for density variations, and in the
form of the energy equation..

A.1. Compressible Navier-Stokes equations

The flow field is solved in a relative frame of reference rotating
at a constant angular speed about the axis. The continuity and
momentum equations may be written,

@q
@t

þ r! � q u!
	 


¼ 0 ð9Þ

@q~u
@t þ ~r � q~u�~uð Þ ¼ �~rpþ l ~r2

~uþ 1
3
~r ~r �~u
	 
h i

� 2q~X�~u

�q~X� ~X�~r
	 


ð10Þ
where � denotes the outer product, i.e. u!� u!¼ u!u!T. The terms

�2qX
!� u! and �qX!� X

!� r!
	 


represent, respectively, the Cori-

olis and centrifugal force terms. Generally, to clarify the buoyancy
generating term, the constant density part of the centrifugal term,

qh iX!� X
!� r!

	 

, is absorbed into the pressure gradient forming

what is termed reduced pressure (P). Note that qh i represents the
locally averaged density. Therefore, the compressible momentum
equation in a rotating frame of reference can be expressed as,

@q~u
@t þ ~r � q~u�~uð Þ ¼ �~rP þ l ~r2

~uþ 1
3
~r ~r �~u
	 
h i

�2q~X�~u|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}
Coriolis force term:

�q0~X� ~X�~r
	 


|fflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Buoyancy generating term:

ð11Þ

with q0 ¼ q� qh i and P ¼ pþ 1
2 qh i X

!� r!
	 
2

.

The energy equation is solved in its relative form in Hydra,

qEr ¼ qeþ 1
2q u!2 � 1

2q X
!� r!

	 
2
. Considering rothalpy

I ¼ Er þ p=q as the convection term, the work by the centrifugal
force is then eliminated in the source terms of the energy equation,

@qEr

@t
þ r! � q u!I

	 

¼ r!� jr!T

	 

þ r! � s � u!

	 

ð12Þ

with j ¼ lCp=Pr the thermal conductivity, and s the viscous stress
tensor.

A.2. Incompressible Navier-Stokes equations

The incompressible form of the Navier-Stokes equations is con-
sidered in Semtex. Assuming a constant density q ¼ q0, the mass
conservation law in Eq. (9) reduces to,

r! � u!¼ 0 ð13Þ
Imposing a constant density q ¼ q0 in all terms apart from the

buoyancy generating term, the momentum equation in rotating
frame from Eq. (11) can be expressed as,

q0
@ u!
@t

þ q0 u
!� r!u!¼ �r!P þ q0mr

!2 u! �2q0X
!� u!|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}

Coriolis force term:

� �q0X
!� X

!� r!
	 


|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Buoyancy generating term:

ð14Þ
This is directly analogous to the Boussinesq approximation in
gravitational fields, where the term �q0 g! is responsible for provid-
ing the buoyancy force, and g! is the gravitational acceleration vec-
tor. The effect of density variations is modelled by the
approximation,

�q0 ¼ q0 � q ¼ q0b T � T0ð Þ ð15Þ
where b is the thermal expansion coefficient, usually defined by
b ¼ 1=T1 for a gas flow. In the study of centrifugal buoyancy by
Bohn et al., T1 is specified as the arithmetic mean of the tempera-
tures on the shroud and shaft, T1 ¼ Tm ¼ 1

2 Ta þ Tbð Þ. T0 is the refer-
ence static temperature.

Three conditions should be satisfied for the Boussinsesq
approximation to be valid [30]: (a) the density variations q0 are rel-
atively small compared to the reference density, q0 	 q0, e.g.
q0K0:2q ; (b) density is a function of temperature only, i.e.
q ¼ q Tð Þ; (c) density variations are only essential in potential
terms, i.e. those that are able to be expressed as the gradient of a
scalar.

Taking the above formulation, Pitz [30] applied the Boussinesq
approximation to the centrifugal buoyancy term, which was con-
sidered as the only potential term. Then Eq. (14) can be written as,

@ u!
@t

þ u!� r!u!¼ �r!P
q0

þ mr!2 u! �2X
!� u!|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}

Coriolis force term:

þ b T � T0ð ÞX!� X
!� r!

	 

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

Buoyancy generating term:

ð16Þ
The relation between the pressure and velocity fields is solved

using a Poisson equation for the pressure.
Some assumptions are made in deriving the incompressible

energy equation to provide the temperature field required by the
Boussinesq approximation. First, it is commonly accepted that, if
the Eckert number Ec ¼ X2r2m= CpDT

� �
is sufficiently small

(Ec 	 1), the effect of pressure change, the kinetic energy, the vis-
cous term and the body force terms can be neglected. Eq. (12) can
be simplified as,

@CvT
@t

þ u!� CpT
� � ¼ ar!2CpT ð17Þ

with a ¼ j= qCp
� �

the thermal diffusivity.
Second, for an incompressible fluid the heat capacities at con-

stant pressure Cp and at constant volume Cv are identical. Thus,
the incompressible energy equation can be further reduced as a
transport equation of temperature, as implemented in Semtex [31],

@T
@t

þ u!� r!T ¼ ar!2T ð18Þ

Conditions for validity of this approach for a compressible fluid
in gravitational convection have been considered by Spiegel and
Veronis [32]. These conditions appear to be satisfied for the present
study.

Appendix B. Turbulent kinetic energy budget equation

For centrifugal buoyant flows, a buoyancy generating term
q� qh ið ÞX2r emerges in the radial momentum equation, with the
constant centrifugal force qh iX2r being absorbed into the pressure

term forming the reduced pressure (P ¼ pþ 1
2 qh i Xrð Þ2). As

expressed in Eq. (19), only one additional term emerges accounting
for the buoyancy production in the standard TKE budget equation.
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@hqki
@t ¼ 0 ¼ � @

@xj
hqki uj

�h i	 

|fflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

mean flow
advection

�hqu00
i u

00
j i
@ ui

�h i
@xj|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}

production

�hqiX2rhv 00
r i|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}

buoyancy
production

� @

@xj
hqu00

j ki|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}
turbulent
diffusion

� @

@xi
hu00

i P
0i|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}

pressure
diffusion

þhP0 @u00
i

@xi
i|fflfflfflfflfflffl{zfflfflfflfflfflffl}

pressure
dilatation

�hu00
i i
@hPi
@xi|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}

flux
variation

�hsij @u
00
i

@xj
i

|fflfflfflfflfflffl{zfflfflfflfflfflffl}
dissipation

þ @

@xj
hu00

i siji|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}
v iscous
diffusion

�hPij
@u00

i

@xj
i

|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}
SGS

dissipation

þ @

@xj
hu00

i Piji|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}
SGS

diffusion

þNii|ffl{zffl}
Numerical
dissipation

ð19Þ

In this equation a filtered quantity q is denoted by q. The Favre

filter of a quantity q is q
� ¼ qq=q. The ensemble average of a quan-

tity q is described as qh i. The Favre ensemble averaged of a quantity
q is shown as q½ 
 ¼ qqh i= qh i. Furthermore, the fluctuation of a fil-
tered quantity is indicated by q0 ¼ q� qh i. The Favre fluctuation

of a Favre filtered quantity is noted as q00 ¼ q
�� q

�h i
. The term v 00

r

� �
in the buoyancy production term can be derived with

hv 00
r i ¼ hv r

� i � v r
�h i

.
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